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The Aharonov-Bohm effect is a topological one and the
line spectrum does not depend of the energy of the electrons.
If the space is non-commutative, the holonomy receives kine-
matic corrections that tend to diffuse the spectrum of lines.
Thus, non-commutative effects of spacetime could be observed
by accelerating electrons in the Aharonov-Bohm experiment.
There are arguments in string theory suggesting that
the spacetime could be non-commutative [1]. Although
this property might be an argument in favor of new renor-
malizables eective eld theories [2], it represents also a
trouble because we need to explain the transition between
the commutative and non-commutative regimes.
If the non-commutative eects are important at very
high energies, then one could posit a decoupling theorem
that produces the standard quantum eld theory as an
eective eld theory and that does not remind the non-
commutative eects. However, our experience in atomic
and molecular physics [3] strongly suggests that the de-
coupling is never complete, and the high energy eects
appear in the eective action as topological remnants [4].
Following this idea we would like to consider an exam-
ple, related to topological aspects, where the appearance
of non-commutative eects could be relevant. A good ex-
ample is the Aharonov-Bohm eec [5]t, where we know
that the line spectrum does not depend on the relativistic
nature of the electrons [6]. However, as will see below, the
spatial non-conmutativity smears the spectral lines and
this eect could be observed by accelerating the electrons
in the Aharonov-Bohm experiment.
Let us start considering a spinless electron moving
on a two dimensional non-commutative plane <2 − f0g,
where f0g is constructed putting a solenoid with a mag-
netic eld concentrated along the x3. Since in the non-
commutative case space is a collection of cells, the reader
will notice that this rearrangement is just an approxi-
mation valid for small values of the anticommutative θ
parameter.
The eld tensor in the non-commutative plane is




where ? is the Moyal product dened as









As we expect that the non-commutative eects are
small, one can expand the Moyal product retaining only
the linear term in θ, i.e.
F^µν = ∂µAν − ∂νAµ + eθαβ∂αAµ∂βAν . (3)
Then, we must construct a gauge potential such that
the magnetic eld F vanishes everywhere except at the
origin. In order to do that, we proceed as in the commu-







we construct the non-commutative potential by means of
the Ansatz
A1 = −x2f(r2),
A2 = x1f(r2), (5)
then, as in the commutative case, we impose B3 = F^12 =
0 outside of the solenoid implying the condition
2f + 2r2f




This dierential equation can be integrated easily and




















From (7) one see that choosing the minus sign, the

































describe a magnetic eld zero everywhere except at the
origin. These potentials are also the non-commutative
generalization of the magnetic monopole for θ small [7].
Next step is to solve the Schro¨dinger equation for a
particle with mass m moving in the eld (9). However,
instead of doing this we remind that, in the commuta-
tive case, the Schro¨dinger equation in an external gauge





where the U(1) holonomy eie
∫
C
dxjAj is a non-integrable
factor, i.e. dependent of the path C, and ϕ is the free
solution of the Schro¨dinger equation.
However, although formally (10) solve the Schro¨dinger
equation, the holonomy involves in a non trivial way the
dynamics of the gauge potential and it hides all the com-
plications of A. Our goal below will be to nd an ap-
proximate expression for the holonomy for θ small.
Let us suppose that the operator Dj = −i∂j + eAj
satises the eigenvalue equation
Dj ? ψ = kjψ. (11)




Dj Dj  ψ = 12mkjkjψ. (12)
In order to solve (11) we use the Ansatz
ψ = eF , (13)
and then, for θ small
Djψ = −i∂jeF + eAj  eF
= eF [−i∂jF + eAj + i2eθ
lm(∂lAj)(∂mF )]
and furthermore
−i∂jF + eAj + i2eθ
lm(∂lAj)(∂mF ) = kj . (14)
Now, one can solve (14) perturbatively expanding F
and Aj in powers of θ, i.e.





j + ..., (16)
then at zero order in θ, equation (14) gives
−i∂jF (0) + eA(0)j = kj , (17)
and the following expression for F0 is obtained






The rst term in the RHS is just the free particle so-
lution if we interpret kj as the wave number and the
second term is the U(1) holonomy for the commutative
case. Thus, at zero order, we reproduce the commutative
solution of the Schro¨dinger equation.
If we retain rst order terms in θ, the following dier-
ential equation is obtained






(0) = 0, (19)













ml(km − eA(0)m )∂lA(0)j .
(20)
The rst term in the RHS is an additive correction to
























dxj (v rA(0)j )3,
(22)
that coincides with Chaichian et. al. [8] after to choice
the vector ~θ in [8] as (0, 0, 2θ). For the second term our
calculation leads to∫ x
x0
dxj (A(0) rA(0)j )3. (23)
Thus, at this order in θ, the non-conmutative holon-
omy is









dxj [(v rA(0)j )3
− e(A(0) rA(0)j )3]
]
. (24)
Now, we analyze the terms in (24); the rst one in the
exponential is the usual holonomy (corrected at order θ)
which classies the dierents homotopy classes.
The term ∫ x
x0
dxj [A(0) rA(0)j ]3, (25)
is a non-commutative correction to the vortex decaying





dxj [(v rA0j ]3 (26)
2
is a velocity dependent correction insensitive to the topol-
ogy of the manifold. If v increase, (26) oscillates very
quickly smearing the interference diagram. Thus, if we
accelerate the electrons in the Aharonov-Bohm experi-
ment the interference pattern changes and this modica-
tion could be attributed to a non-commutative eect of
spacetime.
ACKNOWLEDGMENTS
We would like to thank to G. V. Dunne F. Mendez
and V. O. Rivelles for several discussions. This work has
been partially supported by the grants Nr. 1980788 and
Nr. 1980577 from Fondecyt-Chile and Dicyt-USACH.
[1] A. Conne´s, M. Douglas and A. S. Schwarz, JHEP 9802:003
(1998); N. Seiberg and E. Witten, JHEP 09, 032 (1999).
[2] The literature is very extense, some references are; T.
Filk, Phys.Lett. B376, 53 (1996); S. Minwalla, M. Van
Raamsdonk and N. Seiberg, hep-th/9912072 ; R. Gopaku-
mar, J. Maldacena, S. Minwalla and A. Strominger, JHEP
0006 036 (2000); L. Alvarez-Gaume´ and S. Wadia, hep-
th/0006219; M. Hayakawa, Phys. Let. 476, 431 (2000);
C. P. Martin and F. Ruiz, hep-th/0007131; J. Gomis
and T. Mehen, hep-th/0005129; M. M. Sheikh-Jabbari,
Phys. Rev. Lett. 84, 5265; I. Mociou, M. Popelov and R.
Roibar, Phys. Lett. 489B, 390 (2000); N. Chair and M.M.
Sheikh- Jabbari, hep- th/0009037; M.M. Sheikh-Jabbari,
Phys.Lett. B455, 129 (1999); H. O. Girotti, M. Gomes,
V.O. Rivelles and A. J. da Silva, Nucl. Phys. B587, 299
(2000).
[3] C. A. Mead and D. G. Truhlar, J. Chem. Phys. 70 (05),
2284 (1979); M. Berry, Proc. Lond. A392, 45 (1984).
[4] See e.g. A. Shapere and F. Wilczek, Geometric Phases in
Phases, World Scientific 1989.
[5] Y. Aharonov and D. Bohm, Phys. Rev. 115, 485 (1958).
[6] J. Gamboa and V. O. Rivelles, J. Phys. 24A, L659 (1991).
[7] For a discussion about the magnetic monopole in gauge
field theories see e.g. D. J. Gross and N. Nekrasov JHEP
0007:034 (2000).
[8] M. Chaichian, A. Demishev, P. Presnajder, M. Sheikh-
Jabbari and A. Tureanu, hep-th/0012175.
3
